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Study on Optimal Calibration Configurations of a Parallel Type 
Machining Center Under a Single Planar Constraint 

Min Ki Lee*, Tae  Sung Kim, Kun Woo Park  
Department o f  Control and Instrumentation Engineering Changwon National University', 

Kyungnam 641-773, Korea 

This paper examines the parameter observabil i ty of  a cal ibrat ion system that consrains a 

mobi le  platform to a planar  table to take the cal ibrat ion data. To improve the parameter  

observabili ty,  we find the opt imal  configurat ions providing the cal ibrat ion with maximum 

contr ibution.  The QR-decompos i t i on  is used to compute  the opt imal  configurat ions that 

maximize the linear independence of  rows of  an observat ion matrix. The cal ibrat ion system is 

applied to the parallel  type manipula tor  constructed for a machining center. The cal ibrat ion 

results show that all the necessary kinematic parameters assigned in a S tewar t -Gough  platform 

are identifiable and convergent  to desirable accuracy. 

Key W o r d s : K i n e m a t i c  Parameter,  Observabili ty,  Observat ion Matrix, Optimal  Cal ibra t ion  

Conf igura t ion  

1. Introduction 

Kinematic  cal ibrat ion is performed to identify 

the actual parameters, which are used minimize 

the errors between actual movements  and theo- 

retical movements.  The main issue of  cal ibrat ion 

is the development  of  a precise measurement  

system to perceive the actual movements.  The 

actual pose of  the platform is measured by exter- 

nal devices such as laser (Zhuang et al., 1992), 

theodoli te  (Zhuang et al., 1995; Masory and 

Jiahua,  1995) and incl inometer  (Desnard and 

Khalil ,  1999). These methods can directly mea- 

sure the pose of  a platform, i.e., the cal ibrat ion 

target. But it is expensive to obtain the accurate 

measurements in the 3D space. Here, we can con- 

sider an easy way to perceive the errors : 1) con- 

straint movements  are def ined:  2) active jo int  

displacements are read when a plattbrm satisfies 
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the constraint  movements  ; 3) a kinematic model  

computes a theoretical  movement  ; 4) the error is 

tbund from the difference between the theoretical  

movement  and the pre-def ined constraint  move- 

ment. The measurement  system for the constraint  

movement  needs only a simple sensing device to 

check whether the constrained movement  is done 

comp!etely. In this research the cal ibrat ion sys- 

tem which constrains the movement  of  a plat- 

form by a single planar  table and digital indica- 

tors is developed. The cal ibrat ion system uses 

only one mechanical  fixture so that it can avoid 

the problem arising from the misal ignment  of  

mult iple fixtures. But it seems to cause poor  para- 

meter observabil i ty due to the constrained move- 

ments and the local cal ibrat ion due to a single 

planar  table. The opt imal  configurat ions that of- 

fer the maximum contr ibut ion to cal ibrat ion are 

found by the QR-decompos i t i on  (Besnard and 

Khalil ,  2001): the linear independence measure is 

obtained by summing the reciprocals of  diagonal  

elements of  R matrix and the opt imal  configura-  

tions are found to maximize the independence 

measure. The cal ibrat ion system is applied to 

the parallel  type manipula tor  constructed for a 

machining center. The cal ibrat ion results indicate 
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that all the necessary kinematic parameters as- 

signed in the Parallel type Machining Center 

(PMC) are identifiable. Moreover, changing the 

height of digital indicators mounted on the mo- 

bile platform can shift the levels of constraint 

plane for the global calibration. This verifies that 

the calibration system is an effective, low cost and 

feasible technique for a Parallel typed Machining 

Center in an industrial environment. 

2. Calibration System with 
Constraint Operators 

The platform is placed arbitrarily in an un- 

constrained coordinate while being fixed in a 

constrained coordinate. Here, twist coordinates 

are employed to describe the constraint movement 

(Hunt, 1978). While a body is moving in space, 

its movement is represented by 6-components of 

twist coordinates : 

T = [ T ~ ,  T2, T3, T4, Ts, 7"6] ~ (I) 

where 7"1, Tz and T3 are the components of the 

angular velocity of the body, and T4, Ts and T6 

are those of the linear velocity. A constraint 

operator, C[.] is introduced to define the con- 

straint movement between the two configurations 

in bracket, E.]. When a platform moves from 

configurations ~a to ~b under C, the constraint 

movement is defined as : 

C ~ x ~ ( ~ q  b, p ) - Z a ( A q  a, 19)~=N (2) 

where the vectors ,5,q and 19 represent the active 

joint displacements and the actual kinematic 

parameters, respectively, 

C = d i a g ( c l ,  c2, "", c6) 
N = [ n , ,  ha, "' ,  m] r 

c3 for j = l ,  "-', 6 is 1 if the j - t h  coordinate of 

twist is constrained. Otherwise. it is 0, and nj tbr 

j =  1, -", 6 is defined by 

nj=O for c~=0 (3a) 

ns=ans+h j  for c s = l  (3b) 

where cnj is the corresponding constraint move- 

ment and hs is the error coming from the mec- 

hanical fixture such as measurement noise, etc.. 

From the constraint movements, the calibration 

equation is derived as follow : 

[ g l (Aq°- i ,  Nl, P) ] 
G(/xQ, S], p ) =  : = 0  (4) 

[ g~(Aq ~-°-~, N ~, p) 

where ~ Q =  [~q0-1, ..., /kqe-l-e] r contains ~.q 

for g different configurations, and 5 - ] :  IN 1, --., 

N el r are the constraint movements. The nominal 

kinematic parameters are denoted by the vector 

t90 while A19 is the error vector (thus we have 

19:19o+/\19). It can be linearized at 190 to yield 

the error model : 

A H ( A Q ,  ~ ,  190) = J ( / \ Q ,  ~ ,  19o)/\,o (5) 

where A H  is the error of the kinematic model 

and J is the ( r  ×p) observation matrix, while p 

is the number of kinematic parameters and r>>p: 
6 

r = k * e  where k = ~ , c j  is the number of con- 
j = l  

straint coordinates. The observation matrix J can 

be calculated numerically by supposing a small 

variation of e on each kinematic parameter and 

computing the corresponding differential changes. 

3. Parameter  Observability Under 
Constrained Movement 

All the kinematic parameters may not be iden- 

tified under a constraint movement because some 

of the parameters have no effect on the move- 

ments and some others are grouped together. To 

improve the parameter observability, we take the 

optimal configurations to attain maximum con- 

tribution to the calibration. An early study of 

optimal configurations (Borm and Menq, 1991) 

maximized the observability measure (Menq et 

al., 1989), which is defined by the relationship 

between the magnitude of singular values and the 

number of kinematic parameters. The simulation 

results showed that the configurations influence 

the calibration results more than the number of 

calibration equations does. Currently, Besnard 

and Khalil (2001) used the QR-decomposition 

of the observation matrix to examine the iden- 

tifiable parameters of a Stewart-Gough Parallel 
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robot. 

This research uses the QR decomposi t ion to 

find a succeeding opt imal  configurat ion where the 

corresponding rows of  the observat ion matrix 

maximize the linear independence of  the other  

rows. The conf igurat ion is changed from 2: ~ to 

X i+~ by a free vector F defined as the complement  

of C: 

F(/Xq ~-'+', O)= C[X;+'-X ;] (6) 

The vector F possesses a degrees of  freedom as 

many as the number  of  the unconstrained coor-  

dinates, i.e., k - - -~ ,S j  and its component  fs ['or 
)=1 

cj  = 1 is chosen to yield the cal ibrat ion equat ion 

gi+~(F).  From the constraint movement  between 

configurat ions X i and X ~+~, the rows of  observa- 

tion matrix are obtained as fo l low:  

[ ~ . ~ + ~ ,  ... ~ , . ~ . ~ ]  

_ agi+l(F(o, ~qi-~+,)) 
- -  3 p  p = o .  

(7) 

These new rows can increase the rank of  obser- 

vation matrix only if they are linearly indepen- 

dent of  the other existent rows ~ for j = l ,  ..., 

k*i. The observat ion matrix including the new 

rows is 

j,+,=[~-r . . . ,  g rk .  r ' ~ fh . i+ l  T, " ' ' ,  ~ f h . i + k r ] T  (8) 

The QR decomposi t ion of  Ji+l r is given as : 

k , i + h  l 
M(F)=.j=~_~,.+I( r~ ) (10) 

Hence, the optimal  configurat ion X i+~ is deter- 

mined to minimize M ( F ) .  If it is divergent, we 

exclude zero diagonal  elements from r~ for j = k *  
i + l ,  "", k * i + k  and minimize M ( F )  again. 

Excluding the zero elements and minimizing M 

(F) continues until it is convergent.  Then Rank 

(Ji+t) = i , k +  ( k - t )  where t i s  the number  of  the 

excluded elements. All  the kinematic parameters 

are identifiable if the rank is equal  to the number  

of  parameters. 

4. Parameter Observability 
of the PMC 

The PMC (see Fig. 1 (a)) is made up of  a fixed 

base, a mobi le  platform and six linear actuators, 

L N  i for i = l ,  2, '--, 6. The base connect ions 

are composed of  Spherical  joints  (S- jo ins) ,  while 

the platform connections are comprised of  Uni-  

versal joints  (U- jo in t s ) .  The centers of  the S- 

joints  and U joints  are respectively denoted by B,. 

and P i  for i =  1, 2, " ' ,  6. The configurat ion of  the 

PMC is given by a ( 6 ×  1) vector q representing 

the lengths of  the linear ac tuators :  

q = [ q l ,  " ' ,  q6] r ( I I )  

Typical ly  each variable is given as : 

qi=(tof/.i-~- Aqi  (12) 

J i + l r = Q R  (9) 

where Q is a ( p x k * ( i + l ) )  or thogonal  matrix 

and R is a ( k * ( i + l )  x k * ( i + l ) )  upper tr iangu- 

lar matrix. If the columns ~[J'h,i+l T, "% ~fk.i+k T 

are linearly independent  of  the left columns,  the 

corresponding diagonal  elements of  the matrix R 

are nonzero. The larger the element is, the more 

independent  the column is. In other words, a 

larger value offers the more different information 

to the cal ibrat ion porcess. The linear indepen- 

dence measure for the conf igurat ion Z i+1, which 

is a function of  the free vector F ,  is defined by 

summing the reciprocals of  corresponding dia- 

gonal  elements of  R : Fig. l (a )  The PMC constructed for a machine tool 
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Fig. l(b) Kinematic structure of the PMC and a 
single planar table 

where z~qi is the linear actuation sensor reading 
and qoN, g is a fixed offset value. We define a 
Cartesian coordinate frame { W} fixed at the 
planar table, a frame { B } at the base and a frame 
{ P } at the platform, respectively, as shown in 
Fig. 1 (b) : 

1) the axes Xw and Yw of frame { W } on the 
planar table are conveniently chosen by a user 
and the axis Zw is perpendicular to the table. 

2) the point B1 is the origin of frame {B}, 
while the orientation of frame { B } is identical to 
that of  frame { W } 

3) the point P, is the origin of frame { P } and 
the axis XP is determined by P ~  and XpYp 
plane is defines as the points Pl, Pz and P6 while 
Zp is perpendicular to the table. 

From the definitions of {B}  and { P }  we 
have : 

~P~I,=SPBly=~PB~=O (13a) 

= e  Ppz,=P Pp6~ = 0  (13b) 

where ipj denotes the coordinates of a point j 

with respect to a frame { i }. Supposing that U- 
joints and S-joints are perfect, we can describe 
the pose of { P }  with respect to {W} by 36 
kinematic parameters : 

O =  [ qo::a, "", qo::,~, BP~2x, BPB2,, "", ~Ps~,, 
e Pz=,z.. P Pt.3.. "" ", P P.6., P PP6,., 
wP81x, wP, I,., wPsl,] 

(14) 

We first examine the parameter observability un- 
der three constraint coordinates. As shown in 

Fig. 1 (b), three digital indicators are mounted on 
a platform to check its movement in Zw. It isn't 
necessary that the planar table be parallel to the 
base because all the kinematic parameters are 
calibrated with respect to the planar table. At an 
initial configuration, the frame { E } is defined 
by the points di for i=1 ,  2, 3 representing the 
center of the contact balls: dl is the origin of  
frame { E }, while the XE axis is determined by 
d l ~  and XEYe plane is defined by the points 
dl, dz and da. A (4×4) homogeneous transfor- 
mation matrix o f { E }  with respect to {W} is 
written as 

p_  FWRE wiPE ] 
WTE=WT~ BT" "l'E=L0 0 0 (15) 

where WRE is expressed by a set of Euler angles, 
i.e., w o e =  [wf2e,., w£2E,, W,Qez] r. Since the planar 

table is flat, there is no change in the indicator 
reading when the frame { E } translates along Xw 
and Yw, and rotates about Zw. On the contrary, 
the indicator reading changes when the frame 
{ E } rotates about Xw and Yw,  and translates 
along Zw. Therefore, if the frame { E } moves to 
any configuration from the initial configuration 
without changing the readings of all three in- 
dicators, the three coordinates (w~E,., w~E,., wPE z) 

are unchanged while the movement is accom- 
plished by F=(wPEx ,  WPE,., w~e~): it can be 

defined as a constraint operator, Ca=diag (1, 1, 0, 
0, 0, l). The constraint movement of { E } is 
identical to that of { P }, since eTE is held to fix 

the pose of { E } referring to { P } as long as the 
initial configuration is not changed. Eq. (15) is 
rewritten as 

WTp= WTE eTE-'  (16) 

where P TE is defined by setting the digital in- 

dicators. This can move the level of constraint 
plane for a global calibration as shown in Fig. 2 : 
the mobile platform is placed over the entire 
workspace where the calibration data are taken. 
Eq. (16) implies that Wf2px, w~Qv,, and Wpe z can 
be the constraint coordinates instead of (W~E,., 
W.QE,., wPE z) in which case the position vectors of 



1890 Min Ki Lee, Tae Sung Kim and Kun Woo Park 

l 

.." _!k_ " ~ : ~ - ? " " / "  
• >' 

....., ~.~,4. . . . . .  .,..%-7 ~ , ,  , ~  

"R, j l 5. ~o, .201= u ; ' " ( ( ~ ~ ~ . ~ ' : "  i 

~R, - I. 15. -30, 2o] r "'" . . . . . . . . . . .  • ' : 

r¥¢  ll'l~. Pllnlr ta_ble.[,.. 

Fig. 2 Three constraint planes defined by changing 
the height of digital indicators and optimal 
configurations with same wRp and wpp on a 

X-Y plane 

digital indicators need not be included. The con- 

straint movement between the configurations Z a 

and X b is given as : 

Cj[Zb ( A q  b, p ) - - z a ( A q  a, ,o)] 

(17) 
W ~ p  rb __ W (1 

where w~e,., w~p~ and wp, are computed by the 

forward kinematics and / ~ =  [nl, n2, n6] r =  [0, 0, 

0] under the assumption that the planar table is 

perfectly flat without measurement noise. The 

calibration equation is derived by 

g ( A q  a-b, N, p) 
= C [ / ( A q  b, p ) - - f ( A q  ~, p ) ] -N- - - -O (18) 

and linearized at O=P0,  which gives the error 

model as follows: 

A h = g ( p )  - -g(Po)= W(p0) A p  (19) 

where ~r-e(,o0)=Vg(#0), which is the (3×36) 

sub-matrix of the observation matrix. 

To display the optimal configurations on a X-  

Y plane, we find two optimal coordinates wpp.,. 
and wpp,. out of the free vector F =  [ w~2p~, wPe.: 
Wpp,.] r. If an initial configuration X ° is placed on 

the plane H~, the succeeding optimal configura- 

tions Z ~ tbr i =  1, 2, "", 6 are found. The element 

rxs, ls of R matrix is zero, when the observation 

matrix obtained from X ° to Z 6 is decomposed to 

the QR matrices. Excluding the zero element r~sA8 

and redefining the independence measure M ( F )  

leads to Rank( i f )=17  on plane Hi.  As long as 

the initial configuration Z ° is held, adding the 

other configurations can't increase the rank. For 

the global calibration, configurations X 7 and Z 13 

are placed on the planes 112 and 1-I3, respectively, 

with the different orientations as shown in Fig. 2. 

The optimization procedure continues on the 

planes Hz and H3 as does the plane H1 and finds 

five and three optimal configurations, respective- 

ly. The optimal configurations are evenly distri- 

buted over three constraint planes to offer a 

global calibration. Consequently, the maximum 

rank is 33. If a coordinate is flee to increase the 

space of F, R a n k ( i f ) ~ 2 7 :  it is obtained from 

only one initial configuration. We get the same 

Rank(if) =33 by adding another initial configu- 

ration. All the optimal configurations bring the 

total rank of the observation matrix to 33 so that 

three kinematic parameters can't be identified 

under the constraint operator C3. 
The QR-decomposition of observation matrix 

indicates that diagonal elements from 34-th to 

36-th of R matrix are zero. This implies that 

wPB1x, wPm~. and wPB~ are non-identifiable para- 

meters, which have no effects on the constraint 

movements. It is noted that calibrating the non-  

identifiable parameters isn't necessary because the 

orientation of { B } is identical to that of { W }: 

the PMC can meet the straightness, flatness and 

perpendicularity defined by the frame { W } even 

though it machines a workpiece with respect to 
{ B }. Hence, wPm,. wPBt,, and wPB1, are assigned 

as arbitrary coordinates. 

The movements under (73 is somewhat compli- 

cated. To make them simple, we adopt the con- 
straint operator Cl=diag(0,  0, 0, 0, 0, I): only 

one coordinate wPp z is constrained and checked 

by an indicator. The origin of frame { E } is fixed 

at a contact ball while the orientation of { E ) is 

identical to that of frame { P }. Since the position 

of the indicator is associated with the constraint 

movements, the augmented kinematic parameters, 
i.e., Pa= [ePE,., ePE,., ePE,] r, must be added to 

bring the number of kinematic parameters to 39. 

We can find 35 optimal configurations from 
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only one initial configuration because the d.o.f. 

of the free vector is increased: F = ~ w ~ e , ,  ws2~,., 

W Q ~ ,  wp~, ,  Wpz, .]r.  Adding initial configura- 

tions no longer increases the number of optimal 

configurations. 

The QR-decomposition indicates that ~P~e,, 

wpm~. ' w p ~  and WpBlz can't be identified. The 

parameters wPa~,, wpn~,, and wpnz,  are determined 

as the same way as C~ and the parameter ~P,e,. is 

decided by the redefined frame { B } : point be is 

defined as the projected point of Be to the plane 

XnYn which is parallel to the X w Y w  and the axis 

Xn is determined by B ~ .  This definition yields 

~PB2,.=0 (20) 

This reduces the number of kinematic parameters 

to 35. The orientation of { B } isn't equal to that 

of { W } while the axis Zn is identical to the axis 

Zw. Therefore, the PMC can't meet the straight- 

ness defined by { W } but the perpendicularity and 

the flatness can be accomplished when the PMC 

machines the workpiece with respect to { B }. 

5. Calibration of  P M C  

Before the calibration, the repeatability and the 

accuracy of the PMC are examined. We substitute 

the designed parameters into a kinematic model 

and measure the positioning and straightness 

errors. The platform moves 300 mm in the ~ww, 

and X w Y w  directions and return to initial 

position. These movements are repeated three 

times and the position and the straightness of a 

target mounted on the platform are measured by 

a laser sensor. As shown in Fig. 3, all the 

positioning errors increase over 2500/zm but de- 

crease back to zero. If a platform approaches the 

position in the same direction, the repeatability is 

10,um, but it is 100,um in a different direction. 

The offset of I00/,tin comes from the backlashes 

at the joints. 

The calibration method is applied to the PMC. 

A planar table has a flatness of 5/zm over 500 × 

500 mm e and the digital indicators (Weihua and 

Mills, 1999) have I /zm-resolution and 25 mm- 

stroke. The platform moves to successive confi- 

gurations under position control. When the 

changes of all the indicator's readings are wi- 

thin +2  tzm, ~ q  is acquired for the calibration 

data. Since the number of calibration equations 

must be more than four times the number of 

parameters, we add the augmented configurations 

to the constraint planes of Fig. 2 and take 60 

configurations for Cs and 180 configurations 

for C~. The constraint movements under C~ are 

generated by changing the direction of the mobile 
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(b) Convergence of qo:i.l under C1 and C3 

platform two or three times, while the movements 

under C1 can be generated at once. Figs. 4(a) and 

4(b) depict the convergent trends of cost func- 

tion and parameter qo::,l for each constraint 

operators. Although the operators C3 and Cl 

produce different sets of calibration data. we can 

get the identical sets of kinematic parameters. 

This verifies that the calibration method is reli- 

able. 

There is 2-3 mm difference between the cali- 

brated parameters and the designed ones. The 

calibration reduces the positioning error to 130 

/2m. Furthermore, all the errors are within 150/2m 

overall the workspace, which indicates that the 

proposed method accomplishes the global cali- 

bration. However, there is no improvement in the 

straightness errors, which are owing to non geo- 

metric parameters such as noise, backlash and etc. 

rather than the calibration method. These results 

shows that a parallel mechanism can easily be 

calibrated by a planar table and digital indica- 

tors. However, we still have many problems to be 

solved before applying the PMC to the MC. They 

will be the elaborate manufacturing/assembling 

of parts, accurate manufacturing of fixtures, can- 

ceiling of measurement noises, compensating of 

backlashes, etc.. 

6. Conclusion 

This paper examines the parameter observa- 

bility of the PMC using optimal calibration con- 

figurations. The QR-decomposit ion is used to 

find the optimal calibration configurations which 

maximize the linear independence of rows of 

an observation matrix. The linear independence 

measure is defined by summing the reciprocals of 

diagonal entries of the R matrix. We applied two 

constraint operators, which constrain the mobile 

platform to three or five coordinates by a planar 

table and digital indicators. All the necessary 

kinematic parameters assigned in the PMC are 

identifiable and convergent to desirable accuracy. 

This eliminates the concern over the poor para- 

meter observability due to the constrained move- 

ments and the local calibration due to a single 

planar table. Although the constraint operators 

offer different sets of calibration data, we can get 

the identical sets of kinematic parameters. How- 

ever, the errors are too large to apply the PMC for 

the MC. This is owing to the non geometric 

parameters rather than the calibration method. It 

is concluded that the proposed calibration meth- 

<,~: ~, an effective, low cost and feasible technique 

for a Parallel typed Machining Center in an 

industrial environment. 
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